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Abstract
We consider the evolution of large-scale peculiar velocity fields within the framework of
Newtonian gravity and then compare our results to those of a recent relativistic analysis. In
so doing, we use the same mathematical formalism and apply the same physical approach.
This facilitates a direct and transparent comparison between the two treatments. Our study
recovers and extends the familiar Newtonian results on the one hand, while on the other it
shows that the Newtonian analysis leads to substantially weaker growth-rates for the peculiar
velocity field, compared to the relativistic approach. This implies that, by using Newton’s
rather than Einstein’s theory, one could seriously underestimate the overall kinematic evolu-
tion of cosmological peculiar motions. We are also in the position to identify the reasons the
two aforementioned theories arrive at such considerably different results and conclusions.
1 Introduction
Large-scale peculiar velocities are typically treated as a recent addition to the kinematics of the
post-recombination universe, triggered by its ever increasing inhomogeneity and anisotropy, both
of which reflect the ongoing process of structure formation. The theoretical investigation of the
peculiar velocity fields observed in the universe today, namely the study of their evolution and
their implications, has a fairly long research history. Nevertheless, essentially all the available
cosmological studies are Newtonian (e.g. see [1, 2] and references therein), or quasi-Newtonian
(see [3]), in nature. A relativistic treatment of large-scale peculiar velocities was used in [4],
though in the context of the Zeldovich approximation rather than for studying the evolution
of the peculiar motion itself. So, to the best of our knowledge, the first general relativistic
analytical study of the full spectrum of the peculiar kinematics was the one recently given in [5].
The latter work used (relativistic) cosmological perturbation theory to investigate the linear
evolution of the peculiar velocity itself, as well as that of its irreducible kinematic components.
These are the volume expansion/contraction, the shear distortion and the rotation of the peculiar
flow. When compared to the Newtonian results, those of the relativistic analysis indicated
considerably stronger growth-rates for all aspects of the peculiar velocity field, especially on
large scales. Motivated by the aforementioned disagreement between the two approaches, we
provide here a Newtonian study that will allow for a direct and transparent comparison with
the relativistic treatment of [5]. This will be achieved, by employing the Newtonian version of
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the 1+3 covariant approach to cosmology (i.e. of the one used in [5]) and also by adopting an
identical physical approach and the same approximations.
After a brief introduction to the covariant formalism and its application to the kinematics
and the hydrodynamics of a Newtonian fluid, we turn our attention to the study of the peculiar
velocity field. In so doing, we assume a homogeneous and isotropic background cosmology
containing a pressureless medium. The latter can be in the form of baryonic or/and low-energy
cold dark matter (CDM). Taking the view point of an observer that moves along with the
peculiar flow, we obtain the linear evolution equation of the peculiar velocity vector. This
in turn provides the propagation formulae of the expansion/contraction, the shear and the
vorticity of the peculiar motion. By construction, these relations monitor the linear evolution
of the full peculiar kinematics in a perturbed Friedmann-Robertson-Walker (FRW) universe
within the framework of the Newtonian theory. The homogeneous parts of the aforementioned
differential equations accept analytic solutions, which hold on scales where the inhomogeneous
components are subdominant. In particular, the peculiar velocity is found to grow with time as
v˜ ∝ t1/3, whereas the peculiar expansion/contraction and the peculiar shear decay as ϑ˜ ∝ t−1/3
and ς˜ ∝ t−1/3 respectively. The rotation (if any) of the peculiar flow, on the other hand,
decreases as ˜̟ ∝ t−4/3 on all scales. Comparing with the earlier Newtonian and quasi-Newtonian
treatments [1]-[3], confirms the agreement on the evolution rates of the peculiar velocity and of
the peculiar expansion/contraction. To the best of our knowledge, on the other hand, there are
no theoretical Newtonian studies of the peculiar shear and vorticity to compare with.
Our work is the Newtonian version of the relativistic analysis given in [5], which makes it
straightforward to compare the two treatments and identify their differences. The comparison
shows that despite using the same mathematical formalism and adopting the same physical ap-
proach, the results differ substantially. More specifically, the Newtonian analysis of the peculiar
velocity field leads to growth rates considerably weaker than those of the general relativistic
study (see [5] and also § 5 here). At the root of the aforementioned disagreement, lies the dif-
ferent way the two theories address fundamental issues, such as time, space and the nature of
gravity. On the surface, this results into key differences between the Newtonian and the relativis-
tic treatment of cosmological perturbations. More specifically, the relativistic analysis provides
analytic expressions for the sources of the peculiar velocity field, which the Newtonian and the
quasi-Newtonian studies cannot, or did not, reproduce. Consequently, the two approaches arrive
at different sets of differential equations for the description of the peculiar kinematics. These,
in turn, accept different solutions that lead to different results and conclusions.
2 Newtonian covariant hydrodynamics
The covariant approach to fluid dynamics originates with the work of Heckmann, Schu¨cking
and Raychaudhuri [6]. The formalism was initially employed in Newtonian studies and later
extended to relativistic applications (see [7], as well as [8] for more recent extensive reviews).
2.1 Gravitational field and conservation laws
In the Newtonian covariant treatment one introduces spatial cooordinates (xα, with α = 1, 2, 3)
and defines the Euclidean metric tensor (hαβ), so that hα
α = 3 and v2 = hαβv
αvβ for any vector
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field vα.
1 When using a Cartesian reference frame, the above metric coincides with the familiar
Kronecker delta (i.e. hαβ = δαβ). Otherwise, hαβ 6= δαβ and one needs both hαβ and hαβ (with
hαµh
µβ = δα
β) when raising and lowering tensor indices, to compensate for the “curvature” of
the coordinate system (e.g. see [9]).
We adopt the fluid description, by introducing a vector field (uα) that always coincides with
the velocity of the matter. Then, relative to a family of observers following the fluid-flow lines,
the time derivative of a general (tensorial) quantity (T ) is the convective derivative along the
fluid flow, namely T˙ = ∂tT + u
α∂αT . For instance, the (inertial) acceleration of the matter is
given by the convective derivative u˙α = ∂tuα + u
β∂βuα of the velocity. Additional kinematic
information is encoded in the spatial gradient of the velocity field, which decomposes as [9]
∂βuα =
1
3
Θhαβ + σαβ + ωαβ , (1)
with Θ = ∂αuα, σαβ = ∂〈βuα〉 and ωαβ = ∂[βuα].
2 The former is the volume scalar that describes
the expansion/contraction of the fluid, when positive/negative respectively. The symmetric and
trace-free shear tensor (σαβ) monitors kinematic anisotropies, while the antisymmetric vorticity
tensor (ωαβ) determines the rotational behaviour of the matter. In cosmological studies the
volume scalar is used to define the scale factor (a = a(t)) of the universe, by means of a˙/a =
Θ/3. Also, starting from the vorticity tensor one obtains the vorticity vector ωα = εαβµω
βµ,
which determines the rotational axis. Note that εαβµ is the Euclidean Levi-Civita tensor, with
εαβµ = ε[αβµ], ε123 = 1. and εαβµε
ντι = 3!δ[α
νδβ
τδµ]
ι.
The Newtonian gravitational field is monitored by the associated potential (Φ), which is
coupled to the matter via the Poisson equation ∂2Φ = κρ/2, where ρ is the density of the material
component and κ = 8πG.3 The spatial gradient of the potential describes the gravitational
acceleration, which combines with its inertial counterpart to give
Aα = u˙α + ∂αΦ . (2)
The latter expresses the coupled action of inertial and gravitational forces [9, 11]. Note that Aα
corresponds to the relativistic 4-acceleration vector, which vanishes when matter moves under
inertia or/and gravity alone. On these grounds, Euler’s formula becomes
ρAα = −∂αp− ∂βπαβ , (3)
with p and παβ (where παβ = πβα and πα
α = 0) representing the isotropic and the anisotropic
pressure (i.e. the viscosity) of the fluid respectively. Finally, the continuity equation reads
ρ˙ = −Θρ . (4)
We also need an equation of state for the pressure. When dealing with a ideal medium, the
latter typically has the barotropic profile p = p(ρ), with p = 0 in the case of low energy “dust”.
1Throughout this manuscript Greek indices run from 1 to 3, while Latin ones take values from 0 to 3.
2Round brackets indicate symmetrisation, square ones antisymmetrisation, while angled brackets denote the
symmetric traceless part of second-rank tensors. Therefore, σαβ = ∂(βuα) − (∂
µuµ/3)hαβ by construction.
3Applied to a homogeneous system, Poisson’s equation leads to an inconsistency that is typically bypassed by
appealing to the “Jeans swindle” (e.g. see [10]). There is no such problem in relativity.
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2.2 Kinematics
The kinematic evolution of the matter is described by a set of three propagation and three
constraint equations. These monitor the irreducible kinematic variables, namely Θ, σαβ and
ωαβ and they all follow from the constraints ∂[t∂β]uα = 0 and ∂[µ∂β]uα = 0. In particular, the
trace, the symmetric trace-free and the antisymmetric parts of the former constraint lead to the
evolution formulae [11]
Θ˙ = −1
3
Θ2 − 1
2
κρ− 2 (σ2 − ω2)+ ∂αAα , (5)
σ˙αβ = −2
3
Θσαβ − Eαβ − σµ〈ασµβ〉 + ωµ〈αωµβ〉 + ∂〈αAβ〉 (6)
and
ω˙αβ = −
2
3
Θωαβ − 2σµ[αωµβ] + ∂[βAα] , (7)
for the volume scalar, the shear and the vorticity tensors respectively. Note the symmetric
traceless tensor Eab = ∂〈α∂β〉Φ, which represents tidal forces and closely corresponds to the
relativistic electric Weyl tensor. The above propagation equations are supplemented by an
equal number of constraints. More specifically, by isolating the trace the symmetric trace-free
and the antisymmetric components of ∂[µ∂β]uα = 0, one arrives at
∂αωα = 0 , curlσαβ + ∂〈αωα〉 = 0 (8)
and
2
3
∂αΘ− ∂βσαβ + curlωα = 0 , (9)
respectively [11]. Note that curlvα = εαβµ∂
βvµ for every vector and curlwαβ = εµν〈α∂
µwβ〉
ν for
every symmetric traceless second-rank tensor.
3 Newtonian peculiar motions
With very few exceptions, the available studies of peculiar velocities have been Newtonian, or
quasi-Newtonian. In what follows, we will provide a Newtonian covariant treatment of peculiar
motions that will also facilitate a direct and transparent comparison with the relativistic analysis.
3.1 The peculiar kinematics
Let us consider a pair of relatively moving observers with velocities uα and u˜α respectively. In
Newtonian theory, these two velocity fields are related by the Galilean transformation
u˜α = uα + v˜α , (10)
where v˜α is the peculiar velocity of the u˜α-feld relative to the (reference) uα-frame.
4 The
irreducible kinematics of the uα-field are given by decomposition (1), with an exactly analogous
4Typical Newtonian studies of peculiar motions introduce physical (rα) and comoving (xα) coordinates, with
rα = axα. The time derivative of the above leads to vt = vH+vp, where vt = r˙
α, vH = Hr
α and vp = ax˙
α are the
total, the Hubble and the peculiar velocities respectively. On an FRW background, the aforementioned velocity
relation is equivalent to Eq. (10). Also note that, when dealing with bulk peculiar flows, their mean velocity (V˜ )
is given by the integral V˜ = (3/4pir3)
∫
x<r
v˜dx3, where v˜2 = v˜αv˜
α and r is the radius of the moving region.
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splitting holding for its tilded counterpart u˜α (i.e. ∂βu˜α = (Θ˜/3)hαβ + σ˜αβ + ω˜αβ). Similarly,
the spatial gradient of the peculiar velocity field decomposes as
∂β v˜α =
1
3
ϑ˜hαβ + ς˜αβ + ˜̟αβ , (11)
with ϑ˜ = ∂αv˜α, ς˜αβ = ∂〈β v˜α〉 and ˜̟αβ = ∂[β v˜α] respectively representing the volume scalar,
the shear tensor and the vorticity of the peculiar flow. As before (see Eq. (1) in § 2.1), pos-
itive/negative values for ϑ˜ imply that the bulk flow is (locally) expanding/contracting, while
nonzero values for ς˜αβ and ˜̟αβ indicate local shear deformation and rotation respectively. Start-
ing from transformation (10), it is then straightforward to show the following relations
Θ˜ = Θ + ϑ˜ , σ˜αβ = σαβ + ς˜αβ and ω˜αβ = ωαβ + ˜̟αβ , (12)
between the three kinematic sets. In addition, taking the convective derivative of (10), with
respect to the tilded frame, and then employing Eq. (10) again, we arrive at the expression
u˜′α = u˙α + v˜
′
α +
1
3
Θ v˜α + (σαβ + ωαβ) v˜
β , (13)
relating the (inertial) acceleration vectors in the two coordinate systems. Following the above,
the presence of relative motion means that (generally) we cannot set u˙α and u˜
′
α to zero simulta-
neously. Also note that, hereafter, primes will always denote convective derivatives in the tilded
frame (i.e. u˜′α = ∂tu˜α + u˜
β∂βu˜α), while overdots will indicate convective differentiation in the
reference frame (i.e. u˙α = ∂tuα + u
β∂βuα). Finally, we should point out that, in contrast to
the relativistic treatment, the matter variables remain unchanged when transforming from one
coordinate system to the other.
3.2 Linear sources of peculiar velocities
So far our analysis has been nonlinear. Let us now consider a perturbed almost-FRW Newtonian
universe that contains an ideal pressureless fluid (baryonic or/and CDM – with p = 0 = qa =
παβ) and treat the peculiar velocity field as a perturbation on the aforementioned background.
Then, by identifying the uα-frame with the smooth (homogeneous and isotropic) Hubble flow,
we may set Θ = 3H and u˙α = 0 = σαβ = ωαβ. On these grounds, expression (13) linearises to
v˜′α = −Hv˜α + u˜′α , (14)
where H = a˙/a is the Hubble parameter measured in the uα-frame. According to the above,
linear peculiar velocities are triggered by the acceleration, which in the absence of pressure is
given by u˜′α = −∂αΦ (see Eqs. (2) and (3) in § 2.1 earlier). As a result, (14) recasts into
v˜′α = −Hv˜α − ∂αΦ . (15)
This is the linear propagation equation of peculiar velocities in a perturbed, Newtonian FRW
universe, relative to the u˜α-frame. Relation (15) is formally identical to the one obtained by
the quasi-Newtonian treatments of [3], as well as to those given in typical Newtonian studies
(e.g. see [12]), provided the equations are written in physical (rather than comoving) coordinates.
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The evolution formulae of the irreducible peculiar kinematic variables follow from the spa-
tial gradient of Eq. (15). Indeed, keeping up to first-order terms and recalling that ∂βuα =
(Θ/3)hαβ = Hhαβ to zero perturbative order (see Eq. (1) in § 2.1), we obtain
(∂β v˜α)
′ = −2H∂β v˜α − ∂β∂αΦ . (16)
Isolating the trace, the symmetric trace-free and the antisymmetric parts of the above, leads to
the linear evolution formula of the peculiar volume scalar
ϑ˜′ = −2Hϑ˜ − ∂2Φ , (17)
of the peculiar shear
ς˜ ′αβ = −2Hς˜αβ − ∂〈β∂α〉Φ (18)
and of the peculiar vorticity
˜̟ ′αβ = −2H ˜̟αβ , (19)
respectively. Expressions (15), (17) and (18) reveal that, in the absence of pressure, the grav-
itational forces are the sole sources of peculiar velocity perturbations. More specifically the
presence of matter perturbations distorts the volume expanson/contraction of the peculiar flow,
while tidal forces do the same for the peculiar shear (see Eqs. (17) and (18) respectively). On
the other hand, since ∂[β∂α]Φ = 0, expression (19) ensures that there are no linear sources of
peculiar vorticity. Then, the last differential equation solves immediately to ensure that (after
equipartition when H = 2/3t) the Newtonian peculiar vorticity depletes as
˜̟ = C1t−4/3 = C2a−2 , (20)
on all scales. As a result, the relative strength of the peculiar vorticity drops as ˜̟ /H ∝
t−1/3 ∝ a−1/2. Note that the absence of source terms on the right-hand side of (19) marks a
distinctive difference between the Newtonian and the relativistic treatment of (peculiar) vorticity.
This, in turn, highlights the unconventional behaviour of rotating spacetimes in the geometrical
framework of Einstein’s gravitational theory (compare expression (19) to Eq. (18) in [5]).
4 The linear peculiar velocity field
With the exception of the peculiar vorticity, the linear evolution of which has already been
determined, the rest of the peculiar kinematics require further study. We will do so next, by
taking higher-order derivatives of the associated variables.
4.1 Linear evolution of the peculiar velocity
Taking the convective derivative of (15), recalling that H˙ = −3H2/2 and that ∂βuα = Hhαβ in
the background, while keeping up to linear-order terms, we arrive at
v˜′′α = −2Hv˜′α +
1
2
H2v˜α − ∂αΦ′ . (21)
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In order to solve the above analytically, we have to isolate its homogeneous part, which is like
assuming that the time derivative of the gravitational potential varies slowly in space, and thus
set ∂αΦ
′ ≃ 0. Then, after equipartition (when a ∝ t2/3 and H = 2/3t), Eq. (21) reduces to
9t2
d2v˜
dt2
+ 12t
dv˜
dt
− 2v˜ = 0 (22)
and accepts the power-law solution
v˜ = C1t1/3 + C2t−2/3 = C3a1/2 + C4a−1 , (23)
on scales where ∂αΦ
′ ≃ 0. Therefore, within the framework of Newtonian gravity and the
limits of our approximation, peculiar velocities grow as v˜ ∝ t1/3 ∝ a1/2. This means that the
dimensionless ratio v˜/vH , where vH = λH ∝ t−1/3 ∝ a−1/2 is the Hubble velocity on a scale
λ, increases as v˜/vH ∝ t2/3 ∝ a after decoupling. These results are in full agreement with the
(also Newtonian) analysis of [1] and with the quasi-Newtonian study of [3], but not with the
relativistic treatment of [5] (see also § 5.2 here).
4.2 Linear evolution of the peculiar volume scalar and shear
Proceeding in an exactly analogous manner, one obtains the differential formulae monitoring
the irreducible peculiar kinematics. In particular, the convective derivative of Eq. (16) gives
(∂bv˜a)
′′ = −4H (∂bv˜a)′ −H2∂bv˜a − ∂b∂aΦ′ , (24)
to first approximation. Then, taking the trace and the symmetric traceless components of the
above, we arrive at
ϑ˜′′ = −4Hϑ˜′ −H2ϑ˜− ∂2Φ′ (25)
and
ς˜ ′′αβ = −4Hς˜ ′αβ −H2ς˜αβ − ∂〈b∂a〉Φ′ (26)
respectively. As before, let us assume that the Φ′-field is nearly homogeneously distributed. We
may then set ∂2Φ′ ≃ 0 and recast (25) into
9t2
d2ϑ˜
dt2
+ 24t
dϑ˜
dt
+ 4ϑ˜ = 0 . (27)
After equipartition, when a ∝ t2/3 and H = 2/3t, the latter accepts the power-law solution
ϑ˜ = C1t−1/3 + C2t−4/3 = C3a−1/2 + C4a−2 . (28)
Under analogous conditions, namely for ∂〈b∂a〉Φ
′ ≃ 0, expression (26) solves to give
ς˜ = C1t−1/3 + C2t−4/3 = C3a−1/2 + C4a−2 . (29)
Consequently, on scales where the spatial gradients of Φ′ are negligible, both the peculiar volume
scalar and the peculiar shear decrease as ϑ˜, ς˜ ∝ t−1/3 ∝ a−1/2. Then, ϑ˜/H, ς˜/H ∝ t2/3 ∝ a
after matter-radiation equality. Overall, as the universe advances into its post-recombination
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epoch, the linear peculiar kinematics increase (relative to the background expansion), with the
exception of the peculiar vorticity (see solution (20) in § 3.2 earlier). Note that our result for ϑ˜
is in agreement with previous analogous treatments (e.g. see [2]). To the best of our knowledge,
however, there are no analytical Newtonian studies of the peculiar shear, or the vorticity.
Next, we will compare the results of our Newtonian treatment with those obtained in [5].
The latter study employs the relativistic version of our 1+3 formalism and also adopts the same
physical approach and the same approximations.
5 Comparison to the relativistic analysis
Einstein’s theory advocates a geometrical interpretation of gravity, which is no longer a force
but the direct result of spacetime curvature. This means that there is no gravitational potential
in relativity and a nonzero acceleration manifests the presence of non-gravitational/non-inertial
forces (such as those due to density and pressure gradients for example). Next, we will demon-
strate how these fundamental differences affect the study of cosmological peculiar velocity fields,
referring to [5] for the details of the relativistic treatment.
5.1 Relativistic peculiar motions
Assuming a pair of observers moving with respect to each other, the relativistic analogue of the
Galilean transformation seen in Eq. (10) is the familiar Lorentz boost
u˜a = γ˜ (ua + v˜a) , (30)
where u˜a and ua are the (timelike) 4-velocity vectors of the aforementioned observers and v˜a
is the (spacelike) peculiar velocity of the former relative to the latter (e.g. see [4, 8]). Note
that u˜au˜
a = −1 = uaua, uav˜a = 0 and γ˜ = 1/
√
1− v˜2 by construction. When dealing with
non-relativistic peculiar motions, we have v˜2 ≪ 1, γ˜ ≃ 1 and the above reduces to u˜a ≃ ua+ v˜a.
The latter should not be confused with the Galilean transformation of Eq. (10), despite their
close resemblance, since both u˜a and ua remain timelike 4-vectors.
Each 4-velocity field defines a temporal direction and introduces a spatial section orthogonal
to it. The symmetric tensors hab = gab+uaub and h˜ab = gab+ u˜au˜b (with habu
b = 0 = h˜abu˜
b and
ha
a = h˜a
a = 3) project into these 3-dimensional hypersurfaces. Also, the operators · = ua∇a and
Da = ha
b∇b respectively define temporal and spatial differentiation in the ua-frame. Similarly,
the set ′ = u˜a∇a and D˜a = h˜ab∇b denotes time and 3-space derivatives in the tilded frame.
Then, the gradients of the two 4-velocity vectors decompose as [8]
∇bua = 1
3
Θhab + σab + ωab −Aaub and ∇bu˜a = 1
3
Θ˜h˜ab + σ˜ab + ω˜ab − A˜au˜b , (31)
with Θ = Daua, σab = D〈bua〉, ωab = D[bua] and Aa = u˙a being the volume scalar, the shear
tensor, the vorticity tensor and the 4-acceleration vector of the relativistic analysis. Note that
a nonzero 4-acceleration manifests the presence of non-gravitational forces. Clearly, exactly
analogous relations define the corresponding variables in the tilded frame. Relative to the same
coordinate system, the gradient of the peculiar velocity field splits as [4, 5]
D˜bv˜a =
1
3
ϑ˜h˜ab + ς˜ab + ˜̟ ab , (32)
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where ϑ˜ = D˜av˜a, ς˜ab = D˜〈bv˜a〉 and ˜̟ ab = D˜[bv˜a] are the relativistic counterparts of the kinematic
quantities defined in § 3.1 earlier. When dealing with small peculiar velocities (so that v˜2 ≪ 1)
in a perturbed FRW model, the linear relations between the above three sets read [3]
Θ˜ = Θ + ϑ˜ , σ˜ab = σab + ς˜ab , (33)
ω˜ab = ωab + ˜̟ ab and A˜a = Aa + v˜
′
a +
1
3
Θv˜a . (34)
These are formally identical to their (nonlinear) Newtonian analogues (compare to Eqs. (12) and
(13) in § 3.1). Note that (34b) reduces to (13) when the 4-acceleration vectors (Aa and A˜a) are
replaced by their inertial counterparts (u˙α and u˜
′
α respectively). Also, as in the Newtonian case,
expression (34b) ensures that we cannot set both 4-acceleration vectors to zero simultaneously.
In Newtonian theory, relative motion does not “alter” the nature of the matter fields involved.
This is no longer true in relativity [3], where we have the following linear relations
ρ˜ = ρ , p˜ = p , q˜a = qa − (ρ+ p)v˜a and π˜ab = πab , (35)
between the energy density (ρ), the isotropic pressure (p), the energy flux (qa) and the viscosity
(πab) of the matter. According to (35b) and (35d), the matter pressure vanishes in both frames
simultaneously. This is not the case for the energy flux, however, since qa = 0 implies q˜a =
−(ρ+ p)v˜a 6= 0 (see Eq. (35c) above). Similarly, q˜a = 0 leads to qa = (ρ+ p)v˜a 6= 0. Hence, one
cannot include peculiar motions in a relativistic study and still treat matter as a perfect fluid
in both reference frames (even at the linear level).
5.2 Linear relativistic peculiar velocities
As in the Newtonian study (see § 3.2 earlier), let us identify the ua-frame with the coordinate
system of the smooth Hubble flow in an FRW universe filled with a pressureless perfect fluid
(baryonic or/and CDM). This means setting Θ = 3H, σab = 0 = ωab = Aa and p = 0 = qa = πab,
exactly as in the Newtonian treatment. Then, Eq. (34b) reduces to
v˜′a = −Hv˜a − A˜a , (36)
which is the relativistic analogue of (14). In the Newtonian study, the acceleration is given
by the spatial gradient of the gravitational potential (see Eq. (15) in § 3.2). Here, there is no
gravitational potential and the 4-acceleration follows from the evolution formula of the density
gradients. Written in the tilded frame and solved for the 4-acceleration vector, the latter reads
A˜a = − 1
3aH
(
∆˜′a + Z˜a
)
− 1
3H
D˜aϑ˜ , (37)
to linear order (see [5] for details). The variables ∆˜ = aD˜aρ˜/ρ and Z˜a = aD˜aΘ˜ respectively
describe linear spatial gradients in the matter energy density and in the volume expansion of the
universe, with a = a(t) representing the cosmological scale factor [8]. For all practical puproses,
expression (37) is the reason behind the differences between the Newtonian and the relativistic
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studies presented here.5 The same relation also makes the difference between the relativistic
analysis of [5] and the quasi-Newtonian treatment given in [3].
Taking the time derivatives of (36) and (37), keeping up to first-order terms and assuming a
flat FRW background, we arrive at [5]
v˜′′a = −Hv˜′a +H2v˜a +
1
3H
D˜aϑ˜
′ − 1
3aH
(
∆˜′′a + Z˜ ′a
)
. (38)
Differentiating the above in 3-space provides the linear propagation equation
(
D˜bv˜a
)′′
= −3H
(
D˜bv˜a
)′
+ 2H2D˜bv˜a +
1
3aH
D˜aD˜bϑ˜
′ − 1
3a2H
(
∆˜′′ab + Z˜ ′ab
)
, (39)
for the peculiar velocity gradient. Expressions (38) and (39) are the general relativistic analogues
of the Newtonian relations (21) and (24) derived earlier here. The differences between the two
sets of equations are clear, for the reasons explained before. Finally, as with Eq. (24), the
trace the symmetric traceless and the antisymmetric parts of (39) monitor the evolution of
the peculiar volume scalar (ϑ˜), of the peculiar shear (ς˜ab) and of the peculiar vorticity ( ˜̟ ab)
respectively (see § 4.3 and § 4.4 in [5] for the corresponding relations).
Only the homogeneous components of the above pair of differential equations accept analytic
solutions, which therefore apply to scales where the inhomogeneous parts are subdominant.
Recall that the same is also true for the Newtonian differential equations (21) and (24), obtained
here in § 4.1 and § 4.2 respectively.6 The only exception is the Newtonian peculiar vorticity, the
linear evolution of which follows from (19) with no inhomogeneous component. The relativistic
solutions were provided in [5], where we refer the reader for further discussion. Here, we will
simply quote the results. The peculiar velocity, in particular, evolves as v˜ ∝ t4/3 ∝ a2, while the
associated expansion/contraction scalar was found to propagate according to ϑ˜ ∝ t2/3 ∝ a and
ϑ˜ ≃ constant (beyond and inside the Hubble horizon respectively). In addition, the relativistic
analysis gave ς˜ ∝ t2/3 ∝ a for the peculiar shear and ˜̟ ∝ t2/3 ∝ a for the peculiar vorticity.
Comparing the relativistic results quoted above to their Newtonian counterparts derived
here (see solutions (23), (28), (29) and (20)) confirms that the Newtonian (as well as the quasi-
Newtonian) treatment could seriously underestimate the growth rates (and therefore the residual
values) of large-scale peculiar velocity fields, a claim originally made in [5].
6 Discussion
Large scale peculiar velocities, often referred to as bulk flows, appear quite common in the
universe. This has been established observationally by a number of surveys, although the scale
5The Newtonian version of Eq. (37) reads ∆˜′α = −Z˜α, with ∆˜α = (a/ρ)∂αρ and Z˜α = a∂αΘ [9]. The absence
of an acceleration term in the evolution formula of ∆˜α explains why expression (37) has no close Newtonian
analogue and why the relativistic peculiar-motion effects, identified and discussed in [5] and partially reproduced
here, have been bypassed in the Newtonian and the quasi-Newtonian studies (see [1, 2] and [3] respectively).
6Given that the inhomogeneous components of the relativistic differential formulae (38) and (39), as well as
those of the Newtonian counterparts (see Eqs. (21) and (24) in § 4.1 and § 4.2 respectively), are comprised of
spatial gradients and their time derivatives, we expect that their effect will be confined to relatively small scales
only. Nevertheless, further work is needed to establish whether there are lower cutoff thresholds and where.
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and the velocity of the measured peculiar flows remains under debate (see [13] and also [14]
for representative though incomplete lists). On theoretical grounds, all the available studies
of cosmological peculiar-velocity fields are essentially Newtonian in nature, with the exception
of [5]. The latter is a recent fully relativistic analysis, which arrived at linear peculiar growth-
rates considerably stronger than the Newtonian treatments.
The ultimate aim of our work was to identify and explain the aforementioned differences be-
tween the Newtonian and the relativistic results. To achieve this, we have provided a Newtonian
study closely analogous to that of [5], by employing the same mathematical formalism and by
adopting the same physical approach and approximations. In so doing, we used the Newtonian
version of the (relativistic) 1+3 covariant approach to cosmology and obtained analytic solutions
for the peculiar velocity field by isolating the homogeneous parts of the associated differential
equations (in direct analogy with the relativistic treatment of [5]). Our results are in agree-
ment with those of the earlier Newtonian studies, but not with the aforementioned relativistic
analysis, despite the close parallels between the two approaches. In particular, the Newtonian
peculiar growth-rates are considerably weaker than their relativistic analogues. It is conceivable
that the latter may reduce to the former on sufficiently small wavelengths, namely well inside
the Hubble horizon, but further study is needed to establish whether this is the case and also
to identify the associated transition scales (if any).
Providing the Newtonian version of the relativistic analysis, made it easier to identify the
reasons for the disagreement between the two treatments. From the theoretical point of view,
at the “root of the problem” lies the different way Newton’s and Einstein’ theories treat issues
as fundamental as time, space and the nature of gravity itself (see § 5 here for a discussion).
In practice, the aforementioned theoretical differences change the way the two theories treat
cosmological perturbations and more specifically the sources of the peculiar velocity field. The
relativistic study provides an analytic linear relation (see Eq. (37) in § 5.2), which emerges
naturally form cosmological perturbation theory and contains a number of linear sources. In
the Newtonian analysis, on the other hand, the sole source of peculiar-velocity perturbations
is the gravitational potential (see expression (15) in § 3.2). Put another way, the Newtonian
cosmological perturbation theory provides no close analogue for Eq. (37). The latter may there-
fore be seen as the relativistic correction, responsible for the disagreement with the Newtonian
results and conclusions. This lack of agreement should make one cautious when using Newton’s
rather than Einstein’s theory to study the kinematics of bulk peculiar flows, especially on large
(cosmological) scales. The risk is that, by adopting the Newtonian approach, one could seriously
underestimate the velocities and the overall kinematic evolution of cosmological peculiar flows.
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